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A Berry-Esseen bound for the
uniform multinomial occupancy model*
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Abstract

The inductive size bias coupling technique and Stein’s method yield a Berry-Esseen
theorem for the number of urns having occupancy d > 2 when n balls are uniformly
distributed over m urns. In particular, there exists a constant C depending only on d

such that
Sup [P (Wom < 2) — P(Z < 2)| < C—2%™__ foralln > dandm > 2,
Z€R L+ ()3

where W, ,, and aﬁ’m are the standardized count and variance, respectively, of the
number of urns with d balls, and Z is a standard normal random variable. Asymptot-
ically, the bound is optimal up to constants if n and m tend to infinity together in a
way such that n/m stays bounded.
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1 Introduction

In this paper we provide a Berry-Esseen theorem in the classical occupancy prob-
lem for the normal approximation of the distribution of the number of urns having oc-
cupancy d when n balls are uniformly distributed among m urns. Our proof relies on
the inductive version of Stein’s method using size bias couplings as presented in Gold-
stein (2012). In turn, that work springs from the use of induction in Bolthausen (1984),
achieving bounds for the combinatorial central limit theorem. The inductive method
relies on expressing a bound for the distance of the given variable to the normal in
terms of smaller versions of the same problem. For instance, in the occupancy model,
conditional on the contents of a randomly chosen urn, the distribution of the remaining
balls is uniformly distributed over one fewer urn.

Stein’s method often proceeds by coupling a random variable Y of interest to a
related one using, for example, the method of exchangeable pairs, size bias couplings,
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or zero bias couplings (see Stein (1972), Stein (1986) and Chen et al. (2010)). However,
some of the couplings that are the simplest to construct may lack a key boundedness
property that is required for the application of many results. By applying a theorem
that does not require the coupling to be bounded, in Theorem 1.1 we are able to extend
the work of Englund (1981) on the number of empty urns, and that of Penrose (2009)
on the number of urns occupied by a single ball, to the case of all occupancies of size
two and greater.

In the general multinomial occupancy model, one considers a vector M, having
components M, (i) that record the number of balls falling in urn ¢ in n independent
trials, where in each trial a single ball falls in urn ¢ with probability §; for all i > 1. In
particular, the (multinomial) distribution M(n, 6) of M,, is given by

P(M,(i > 1 n! o7
(M) =miyi = 1) = =y H ;

when m;, i > 1, are nonnegative integers summing to n, and 6 € © where

© =13 (01,02,..):0; >0,i>1,> 6;i=1p. (1.1)

i>1
For all d > 0 the number Yé‘“ of urns containing d balls is therefore given by

Y =3"x where X\ =1(M,(i) = d). (1.2)

i>1

Among the many applications of multinomial occupancy models are the well-known
species trapping problem (see Chao et al. (1996), Robbins (1968), or Starr (1979)) and
the closely-related problem of statistical linguistics (see Efron and Thisted (1976) and
Thisted and Efron (1987)). In these applications a collection of species are trapped, or
a collection of words are observed, according to the multinomial distribution M (n,0),
and estimators of parameters related to the number of unseen species, or words known
but unused by an author, are of central interest. Estimators of, say, the number of
unknown species most often take the form of linear combinations of Yn(d) for various d.
For example, a well-known conjecture of Starr (1979) is that the uniformly minimum
variance unbiased estimator, or UMVUE, of the probability of sampling a new species
in a sample of size n — ngy, based on an original sample of size ng, is

n—mno (nfno 71)

Z d—1

= @

For occupancy models where n balls are distributed among the first m urns only, the
urn probability vector 6 is given by (6y,...,6,,,0,0,...) € © as in (1.1). Below we will
find it convenient to continue to consider the case where the urns are indexed by all
1 > 1, even though all but the first m of them will be empty.

In what follows we fix d > 0 and drop the superscript (d) from our notation, denoting
Xr(ji) and Yéd) simply as X,, ; and Y},, respectively. Kolchin et al. (1978, p. 37) show that
the mean u, ,, and variance a%,m of the number Y,, of urns occupied by d € {0,1,...}
balls, when n balls are distributed uniformly over m urns, are given by

AN

n\ 1 1\"¢
nom = — (1—— , and 1.3
() (1-2) .
n 1 2 n—2d
Gi,m = Hn,m + m(m - 1) <d, d, n— 2d> W <1 - m) - ,ugn,m (14)
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for all n > d and m > 2, with the second term in (1.4) set to zero for all d < n < 2d and
m > 2.

Since the cases d = 0 and d = 1 having already been handled by Englund (1981) and
Penrose (2009), respectively, we focus on d > 2. Our main result is the following.

Theorem 1.1. Ford € {2,3,...,}, let Y, be the number of urns containing d balls in
the uniform occupancy model with n balls and m urns. Then, with [, », given by (1.3),
or . by (1.4), and

Unm
nm — : s 1.5
Tn, 1+ (n/m)3 (1.5

there exists a constant C' depending only on d such that the standardized count

Yn - Mn,m
Wmm — #
an,m
satisfies
sup |P(Wym <2)—P(Z <z)| <C/rpm foralln>dandm > 2. (1.6)

z€ER

Regarding lower bounds, Englund (1981, Section 6) shows that in the case d =0,

sup |[P(Wym < z) — P(Z < 2)| > 0.087/ max(3, 0y, m) (1.7)
z€R
and we remark that Englund’s argument holds without changes for any random variable
W,.,m with finite variance supported on the integers, and so for the d > 0 cases of the
occupancy problem in particular.

Although Theorem 1.1 yields a bound for all n > d and m > 2, often interest centers
on the behavior of a sequence of occupancy models where n and m vary together in
such a way that the ratio of n to m is bounded away from zero and infinity, that is, when
there exist 0 < a < b < oo such that

a< — <b. (1.8)

3=

Note that the bound on the supremum norm in (1.6) achieves the rate 1/0,, ,,, optimal in
view of (1.7), when o, ,, /rmm is bounded away from infinity, or equivalently, when the
upper bound in (1.8) holds. These observations yield the following immediate corollary;
see also Section 4 for a more detailed discussion of these and other asymptotic regimes.

Corollary 1.2. For any b € (0,00) there exists a constant C, depending only on d €
{2,3,...} and b, such that

sup |[PWypm <2)—P(Z <2)| <Clonm
z€R

for alln > d and m > 2 that satisfy n/m < b, and the bound is optimal up to constants.

Specializing the broad results of Theorem 4.2 of Chen and Rollin (2010) for gen-
eral functions of urn occupancies to the case considered here under (1.8) results in a
bound in Kolmogorov distance in the central domain such as the one here, with explicit
constants but additional factors of logn to various powers.

To begin to describe the first ingredient required for the proof of Theorem 1.1, the
construction of a size biased coupling, recall that for a nonnegative random variable Y
with finite, nonzero mean p, Y® has the Y-size bias distribution if

EYf(Y)] = pEf(Y?) (1.9)
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for functions f for which the expectations above exist. In employing the size bias version
of Stein’s method, see Baldi et al. (1989), Goldstein and Rinott (1996) and Chen et al.
(2010), the goal is to construct, on the same space as Y, a variable Y° with the Y-size
bias distribution, such that Y and Y* are close is some sense. Previous applications of
size bias coupling in Stein’s method for producing bounds in the Kolmogorov distance
in the presence of dependence, but for Goldstein (2012), have required that |Y* — Y| be
bounded.

To size bias the number of urns Y,, containing d balls, note that when n balls are
uniformly distributed over m urns, Y,, in (1.2) is the sum of m exchangeable indicators.
In general, Lemma 2.1 below says, essentially, that to size bias such a sum one chooses
an indicator uniformly, sets it to one, and then ‘adjusts’ the remaining indicators, if
necessary, to have their original distribution given that the selected indicator now takes
the value one. In the occupancy problem, to set an indicator for a chosen urn equal to
one if it is not so already, one must either add balls to that urn if it has fewer than
d balls, or redistribute balls from the urn if it has an excess over d. As it is possible
that the chosen urn has, say, all n balls, the resulting coupling fails to be bounded in
n. However, as there is small probability that a very large number of balls will need to
be redistributed, the coupling can be controlled using quantities such as moments on
bounds K,, on the absolute difference between Y,’ and Y,,.

To describe the second ingredient in the application of Theorem 3.1 in general, the
inductive component, suppose that for some nonnegative integer ny, for all n > n; we
are given a nonnegative random variable Y;, whose distribution £y depends on a pa-
rameter @ in a topological space ©,,. As bounds to the normal for Y,, can be expressed
in terms of a number of quantities, including bounds to the normal for ‘smaller ver-
sions’ of the same problem, an inductive argument yielding a recursion for the bound
may be constructed when for random variables L,, and 1, ¢ taking values in {0,...,n}
and ©,,_r, , respectively, and a certain collection of random variables J,, there exists a
random variable V,, on the same space as Y,, such that

Eﬁ(Vn‘Jn) = Ed)n,s (Ynan)

holds on a set where the size of L,, is controlled. One must also control the difference
between Y,, and V,,, but again strict boundedness is not required on Y,, — V,, but rather
moment estimates of a bounding random variable B,, satisfying |Y,, — V,,| < B,,.

Regarding the inductive component for our occupancy problem, if the urn chosen
to have occupancy d in the size bias configuration is removed, then, conditional on the
identity of that urn and the number of balls it contains, the remaining configuration
has the same uniform multinomial distribution over the remaining urns, one fewer than
the number in the original configuration, of the balls not contained in the urn chosen.
And again, as with the bound K, on |Y;? —Y,,|, though it is possible that the chosen urn
contains a very large number of balls, it is unlikely that it will.

In the uniform model, Englund (1981) gave an explicit Berry-Esseen bound of order
1/0pn,m, with a corresponding lower bound (1.7) of the same order, for the number of
occupied urns, or equivalently, for the number of empty urns forming the complement,
that is, those with occupancy d = 0. For the non-uniform case, Quine and Robinson
(1984) gave a less explicit error bound. Hwang and Janson (2008) obtained a local
limit theorem, and also describe applications including species trapping and statistical
linguistics. Johnson and Kotz (1977) and Kolchin et al. (1978) give results for models
of this type in the uniform and some non-uniform cases. Penrose (2009) considers the
case d = 1 where Y,, counts the number of isolated balls, and obtains a Berry-Esseen
bound via size-biased coupling in the uniform case, and for the non-uniform case as
well with a slightly larger constant. Karlin (1967), Gnedin et al. (2007) and Barbour
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and Gnedin (2009) consider the infinite occupancy model, the first two proving central
limit theorems for the number of occupied urns, the last providing a multivariate normal
approximation for arbitrary occupancies of a fixed number of urns.

In Section 2 we construct the coupling of Y,, and the size biased variable Y,J. In
Section 3, with the help of Lemma 3.2, we prove Theorem 1.1 by verifying the conditions
of Theorem 3.1. Some discussion is provided in Section 4, and the proof of Lemma 3.2
is given in the Appendix. With Z the set of integers, let N, = Z N[k, c0). Throughout, we
will use C, Cq, (s, ... to denote positive, finite constants depending only on d. Since in
what follows we focus on the uniform occupancy problem, for notational simplicity we
specify the multinomial probability vector by m € IN; rather than by the corresponding
vector

Om = (1/m,...,1/m,0,0,...) (1.10)

m

and write INy for our parameter space. When considering subsets ©,, C O for some
n € IN and invoking Theorem 3.1, statements such as m € ©,, should be interpreted as
meaning that 0,, € O,,. Further, we will denote the uniform multinomial distribution
of n balls over m urns as M (n,m), in parallel to our notation for the binomial B(n,p)
distribution with n trials and success probability p. For M,, ~ M(n, m), in accordance
with (1.10), we have M,,(j) = 0 for all j > m.

2 Size Bias Coupling

A general prescription for size biasing a sum of nonnegative variables is given in
Goldstein and Rinott (1996); specializing to exchangeable indicators yields the following
result.

Lemma 2.1. SupposeY = Zad X, a finite sum of nontrivial exchangeable Bernoulli
variables {X,,« € I}, and that for a € T the variables {X§, 3 € I} have joint distribu-
tion

LIX5,B€T)=L(Xp,BEL|Xs=1).
Then

Yo =>"Xg§

BET

has the Y size biased distribution Y?® characterized by (1.9), as does the mixture Y1
when I is a random index with values in Z, independent of all other variables.

Proof. First, fixing a € Z, we show that Y satisfies (1.9). For given f,

EYf(Y)]=) EXsf(Y)] =) PlXs=1E[f(Y)|Xs =1].

BET BeT

As exchangeability implies that E[f(Y)|Xs = 1] does not depend on 3, we have

EYf(Y)] = | Y PIXs=1] | E[f(Y)|Xa = 1] = EY]E[f(Y*)],
BET

demonstrating the first result. The second follows easily using that Y/ is a mixture of
random variables all of which have distribution Y. ]

With n > d we prove Theorem 1.1 by constructing a size bias coupling of Y7 to Y,

for the urn model and verifying the hypotheses of Theorem 3.1. To apply Lemma 2.1 we

EJP 18 (2013), paper 27. ejp.ejpecp.org
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construct, for each i € {1,...,m}, a configuration M’ that has the conditional distribu-
tion of M(n, m) given that urn i contains d balls on the same space as a configuration
M,, with the unconditional distribution M (n,m).

We now describe the joint construction of M?, and M,, formally; in its course we will
also define the vector R, specifying the difference, up to sign, between M,, and M.
For a vector M and a given i > 1, let (M); be the vector obtained by deleting the i*"
component of M.

With i € {1,...,m} we first specify the i" components of M,, and M/, by letting
M, (i) ~ B(n,1/m) and M} (i) = d, respectively. Next, let vectors M/, ; and R, satisfy
M}, ;(i) = R.(i) = 0, and whose remaining components are conditionally independent
given M, (i), with conditional distributions given M, (i) specified by

LM, ;)i My (i) = M(n — My (i) V d,m — 1)

and .
L(Ry,)i| My (i) = M(ld — My (i) ,m — 1), (2.1)

and set

(M,,); = (M, )i + 1(M, (i) < d) (R}); and (M}); = (M,

n,t

)i + (M, (i) > d) (RE);.

By the additive property of the multinomial distribution, conditional on M, (i) we have
that (M,,); ~ M(n — M,(i),m — 1) in all cases, so that M,, ~ M(n,m), as required.
Likewise in all cases (M%); ~ M(n —d,m — 1), so

M, ~ M(n,m) and L(M!) = L(M,|M,(i) = d). (2.2)

Further, we note that that the difference between the two configurations excluding urn
1 satisfies

(M})i = (M,.); = sign(M,(i) > d)(R},);, where Y R (j)=|d—M,(i)|.  (2.3)

Jj=>1
Applying the indicator function 1(- = d) coordinate-wise to (2.2) and recalling (1.2)
we obtain

L(X}

n,ly*

.. 7X7iz,m) =L(Xn1,. o Xnm| My (i) = d),

and Lemma 2.1 now yields that Y;}, counting the number of urns containing d balls in
the configuration M, given explicitly by

Vi =YX, with X}, =1(M.(j)=d) forj>1,

Jj=1

has the Y,,-size biased distribution. Again by Lemma 2.1, if I,, is uniformly distributed
over {1,...,m}, independent of all other variables, then Y;* = Y,/» also has the Y,,-size
bias distribution.

3 Auxiliary Results and Proof of Theorem 1.1

To prove Theorem 1.1 we utilize a general result of Goldstein (2012), given as Theo-
rem 3.1 below, whose framework has already been described in Section 1. In particular,
the random variables of interest Y;,,n > no have distributions £4(Y,,) that depend on a
parameter 6 in a topological space ©,,, also endowed with a o-algebra of subsets. In our
application we give ©,, = N5 the discrete topology, and the o-algebra the collection of
all its subsets.

EJP 18 (2013), paper 27. ejp.ejpecp.org
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In Theorem 3.1, r, ¢ is a function that determines the quality of the bound to the
normal, the sequence s, ¢ is used to control a random variable L,, determining the size
of the smaller subproblem V,, related to Y,,. In general, the mean p,, ¢ and variance U?L 0
of Y,, under Ly, and r,, o, are required to be measurable in 6, a condition satisfied for ail
natural examples, and in particular, for the one considered here.

Theorem 3.1. For someng € Ny and alln > ng letY,, be a nonnegative random variable
with mean p,, 9 = EyY,, and positive variance 0279 = Vary(Y,) for all § € ©,,, and set

Yn — KUn,o

Wh.o =
On,o

(3.1)

the standardized value ofY,,. Let r, ¢ be positive for alln > ny and all 0 € ©,,, and for
allr > 0 let

On,={0€0, 19>} (3.2)
Assume there exists r1 > 0 and n, > ng such that

max sup Tp.9 < 00. (3.3)
no<n<ni gco '

n,ry

Further, suppose that for all n > ny and § € O, ,,, there exist random variables
Y, Ky, Ly, ¥ne,V, and B, on the same space as Y,, and a o-algebra F,,, generated

n’

by a collection of random elements J,,, such that the following conditions hold.

1. The random variable Y, has the Y, -size bias distribution, and

T )\
U, = /Vary (By(V — V,|V,)) satisfies  sup 00T oo (3.4
n>n1,0€0, Un,@

2. The random variable K, is F,,-measurable, |Y,? —Y,| < K,,, and

qup Tt ol 3+| o) Kzl _ o0, (3.5)

n>n1,0€0., On0
with W, ¢ as given in (3.1).
3. The random variable L,, takes values in {0,1,...,n}, there exists a positive integer

valued sequence {s, ¢ }n>n, satisfying n — s, ¢ > ng, the variables L,, and v, ¢ are
Fn-measurable, for some F), g € F,, satisfying Fy, 9 C {L, < spo},

Uno € On_r, and Lo(Vo|Jn) =Ly, ,(Yor,) onF,p (3.6)
and
T721 oHn,0 2
sup g By [ (1 — 1(Fp )] < oo (3.7)

n>n1,060, .  Tpg
4. There exist {C1,Cs} C (0,00) such that

2 2
Opo < Clonfmew and 1,9 < Corpn_r,y,, ONF,s.

5. The random variable B,, is F,,-measurable, |Y,, — V,,| < B,, and
2 2
T 9E9 K:B
sup n.obn, T KB < 00. (3.8)
n>n1,0€0n 1y On,0

EJP 18 (2013), paper 27. ejp.ejpecp.org
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6. Either

(a) there exists l,, o € Ny such that Py(L,, =1,0) =1 forallf € ©, ,,

or
(b) the set ©,, ,, is a compact subset of ©,,, and the functions of

KQ
tho1=FE _1(L, =1 forl e {0,1,...,
0,1 0 (E(;K,% ( )) { n}
are continuous on ©,,,, forl € {0,1,...,s,} where s,, = supgee Sn.6.-

n,T]

Then there exists a constant C' such that for alln > nyg and § € ©,,

sup |Py(Wpo < z) — P(Z < 2)| < C/rpe.
z€R

When higher moments exist a number of the conditions of the theorem may be ver-
ified using standard inequalities. In particular, by the Cauchy-Schwarz inequality a
sufficient condition for (3.5) is

P otin.ok o
n,0Hn,0f, g 4
sup fn’<oo where kn,&m:EgK;", (3.9)
n2n179€®1L,'r'1 O—nﬂ

and, when F), g = {L, ¢ < sn.0} then a sufficient condition for (3.7) is

1 1
2 2 2
T’n,el‘nﬂkn,e,ﬂn,eg

sup 3 < oo where I,9m=FEpL), (3.10)
ﬂZnh@E@nml Jn798n76

since, additionally using the Markov inequality yields

1

\ k?, 12
By [K21(L0 > 500)] < KV, Polln > sna)} = B2, BU(I2 > 2, )} < Lntalnos
v v ’ n,o

Similarly, a sufficient condition for (3.8) is

1 1
2 2 2
Th.0kn.0ky o 405 g o
sup . Pm S < 0o where by = EoB)
n>n1,0€60, 1, On.0

Regarding (3.6) we remark that by £¢(Y,,—1,) we mean the mixture distribution
S o Lo(Y)P(L,, = n—m), which can be defined without requiring that Yy, ..., Y, and
L, all be defined on the same space.

Recalling N, = Z N [k,00), applying Theorem 3.1 to the occupancy problem we
let ny = d, r,,» be given by (1.5), and ©,, = Ny for all n > ng, making note of the
identification between positive integers m and elements given by (1.10) that lie in the
set © of (1.1).

Before starting the proof of Theorem 1.1 we collect some crucial facts needed later
regarding the behavior of the mean and variance of Y,,. Letting

—x,.d )2
¢ d'sc and @y(z) =1—1y4(x) — Td(.ﬁ)w, (3.11)

Kolchin et al. (1978, p. 37-38) show that, for all n,m > 1 and d > 0,

Ta(x) =

fnm < mTa(n/m)e?/™ (3.12)

EJP 18 (2013), paper 27. ejp.ejpecp.org
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and that for n, m — oo such that n/m = o(m),

o = matnfm) 4 7o) (= 252 L) + 001 /m)

and

Onm = mra(n/m)pa(n/m)(1+o(1)). (3.13)
The following lemma gives further properties of u,, ,, and 0-7217771’ and is proved in the
Appendix.

Lemma 3.2. 1. For any fixedn > d > 2,

=0 (3.14)

: 2
lim o

m
m— 00 ’

and the set ©,, ,,, given in (3.2) with ry, ,, as in (1.5), is finite for all r1 > 0.
2. Letd > 1. There are constants C3,C4,Cs, depending only on d, such that, for all
n>dandm > 2,
(a) 072; m S CSMn,m
(b) pnm < Cyn and o7, < Csn.
Let d > 2. With 4(z) given by (3.11), infz~ wq(z) > 0.
4. Letd > 2. Given any n*,m* and ¢ > 0 there are constants r, and Cg such that all
n, m satisfying o2 > r, also satisfy

n,m =

W

(a) n >n* andm > m*
(b) n/m < (1+4¢)logm
(©) pinm < Co0 -

In keeping with the notation of Theorem 3.1 and the identification between elements
in IN; and © in (1.1) and as described at the end of Section 1, in the following we will
use FE,,, Var,,, and P,, to respectively denote expectation, variance, and probability
with respect to a multinomial distribution with probability parameter (1.10).

Proof of Theorem 1.1

We prove Theorem 1.1 by verifying the conditions of Theorem 3.1. When n = d and
m > 2, the probability that all d balls fall in urn 1 is positive, as is the probability that
d — 1 balls fall in urn 1. Hence P(Y,, > 0) and P(Y,, = 0) are both positive, so Y, is not
constant almost surely, and its variance aim is strictly positive. The same conclusion
holds for n > d + 1 and m > 2 by considering the event that d balls fall in urn 1 and
n — d in urn 2, and the event that all balls fall in urn 1. Hence r, ,, given in (1.5) is
also positive for all n > ng and m € ©,,. In lieu of naming n; and r; explicitly, we show
that the conditions of Theorem 3.1 are satisfied by choosing n; and r; sufficiently large.
By Part 1 of Lemma 3.2, the set O, ,, is finite for all n > ng and r; > 0, hence (3.3) is
satisfied for any such pair.

To help with the verification of the six conditions of Theorem 3.1 we first note that
Parts 2 and 4 of Lemma 3.2 allow us to choose r; > 0 such that there exist positive
constants Cs, C5, Cg such that Ui,m > rp implies

oo m < Calinm (3.15)
oo m < Csn (3.16)
finm < Co0p 1 (3.17)
D < 2logm < /m/3 (3.18)
m
m > 3. (3.19)
EJP 18 (2013), paper 27. ejp.ejpecp.org
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Below we will repeatedly use these bounds along with the fact that
O C {m 0 >T1} foralln > dand m > 2, (3.20)

which follows from directly from (3.2) and the fact that 7, ,, < oy .

Verification of Condition 1

We verify inequality (3.4) in Condition 1 of Theorem 3.1 by showing that, for Y, con-
structed as in Section 2, there is a constant C; and integer n; € IN; such that for all
n > n; and m € ©,,,,, the quantity ¥,, ,,, satisfies

1+ (n/m)3.

NG (3.21)

lIjn.,m S C’?

Inequality (3.21) implies (3.4) as

rn,mlu/n,m\ljn,m

2
On,m

< CornmWpm < CoCr "\%” < CsCr\/Cs,

where we have used (3.17) and (3.16). Hence we turn our attention to showing (3.21).
By conditional Jensen’s inequality, as Y,, is a function of M,,,

Var,,(En(Y,) = Y,|Y,)) < Var,,(E,. (Y, — Y,/ M,)).

Recalling that I,, is chosen uniformly from {1,...,m}, independently of the configura-
tion M,,, and that X f", j > 1is the indicator that urn j contains exactly d balls in the
size biased configuration, we have that

Yn*z rLj (XrILI 7Xn1 ) Z(X’rllj X"yj)'
j=1 J#In

Averaging over I,,, we obtain

EnlVi-YaM] = S 100,6) £ 0 Pa(MG) = dM)L(M, () # d)

i=1 1<i,j <m,j#i

LS PaMLG) A AMIMLG) = d). (3.22)

m
1<i,j <m,j#i

1
m

To understand the first sum, note that since urn I,, always contains d balls in the size
biased configuration, Xiflﬂ - X1, =1-1(M,(I,) = d)) = 1(M,(I,) # d)), so averaging
over I,,, which takes the values 1,...,m each with probability 1/m, yields the first term.
The next two terms arise from the fact that Xi’j’j — X,,; € {—1,0,1}; in particular, the
second term accounts for the cases when this difference is 1, and the third term for
when it is —1. For the second sum, when [,, = ¢ we have Xfw- — X, ; =1forj#1iif and
only if Xz =1 and an = 0, that is, if and only if M} (j) = d and M,,(j) # d. Likewise,
for the thlrd sum, X} ; — X, ; = —1 for j # i if and only if Xfw» =0and X, ; =1, and so
if and only if M (j) ;é d and M"(j) =d.
To obtain a bound on the variance of E,,[Y,? — Y,,|M,,| we apply the inequality

k k
Var (Z Ai> < k) Var(4) (3.23)
=1 =1

in order to handle the terms arising from (3.22) separately. We will use (3.23) and
(Zl 1G)? <k Zl L ¢? for any cy, ..., ¢y, repeatedly below without further mention. The
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factor of 1/m outside each sum in (3.22) contributes a factor of 1 /m2 to the variance,
which is withheld until further notice below.
To bound the variance of the first sum, we note that

Var,, (i 1(M, (i) # d)) = Var,, (m - i 1(M, (i) = d)) = Var,,(m-Y,,) = Var,,(Y,)

i=1

=07, <Csn (3.24)

by (3.16).
For considering the calculation of the variance for the next sum, as M, (j) = M ()
when M, (i) = d by (2.3), we have

P (M, (j) = dIMu)1(My(j) # d) = Poo (M, (§) = d|My,)1(My, (i) # d, My (j) # d),

and therefore may write

Yo Pa(Mi(G) =dM)UM,(G) #d) = D anm(ii)+ Y. bum(ind)

1<i,j<m,i#j 1<i,j<myi#j 1<d, j<mi#]

where for i # j we set

nm(i,J) = P(M;,(j) = dMn)1( My (i) > d, My (5) # d), (3.25)
bn,m(ivj) = Pm(Mvil(j) = d‘Mn)l(Mn(Z) <d, Mn(j) 7é d

For considering the third sum in (3.22), we also define
Cn,m(i7j) = Pm(M'rZL(j) 7é dan)l(Mn(]) = d) (3.26)

In Lemma 3.3, following the proof of this theorem, it is shown that there are constants
Cs,Cy and Cqg such that

4
Var,, Z Qnp m(%]) < Cgn |1+ (2) (3.27)
\<igTmiti m
m2
Varm Z bn,m(iaj) S 097 (328)
1<, j<m,i#j
2
Var,, Z cn,m(iaj) < Clo?’l |:1 + (%) :| (3.29)

1<i,5<m,i]

for all n > ny and m € ©,,,,. Combining (3.24) and (3.27)-(3.29), and accounting for
the 1/m factors in (3.22), we have

\I/im_42011{n+n[ ()4]+
<0n {
G
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where in the last step and below we use the elementary bound

L+al a2l < (j+1{4; < ) (1+2) forall z>0,1<4 <...

IN

¢

IN

£. (3.30)
Then taking C7 = /3C yields

1+ (n/m)8
(Vo

Verification of Condition 2: K, and its moments

Let J,, = (In, M, (I,,)), the ordered pair consisting of the identity I,, of the selected urn
and the number M, (I,,) of balls it contains, and recall that F,, is the o-algebra generated
by J,. For D ~ B(n,p) and ¢ € IN; we have

q q
EDY =Y "8, 4(n);p’ < S’ < Cisg(np+ (np)?) < Crag(1+ (np)?),  (3.31)
=1

j=1

where in the first equality, due to Riordan (1937), S;, are the Stirling numbers of
the second kind and (n); is the falling factorial, and in the second inequality Ci3,, =
qmaxi<;<q Sjg-

Clearly

is F,-measurable, being a function of M, (I,). Recalling (2.3) from the construction
in Section 2, accounting for urn I,, we see that the occupancy of at most K,, urns are
different in the configurations M¢, and M, for any i. In particular, |Y,? —Y,,| < K,,.

By the triangle inequality K, < (1+d)+ M, (I,,), and taking ¢*" power, by a standard
inequality and (3.31) we obtain

E,Kl <27 (14 )1+ B, M, (1,)?) <2971 (1 +d)? + Craq (1 + (n/m)?))
< Chs,q (dT+ 14 (n/m)?) < Cig,0 (1 + (n/m)?). (3.32)

We now show that (3.9), sufficient for (3.5), is satisfied. Applying the definition (1.5)
of rpm, (3.17), (3.20), and the moment bound (3.32), there is some n; such that for all
n > n; and any m € O, ,,,

1/2 1/2

ruseliehuina o g, Co2lt O] < Gy s (000 < 200 /G

Tim L+ (n/m)? (n/m)?

using (3.30) in this last step.

Verification of Condition 3: [, and its moments

Set
Ln = M’I’L(I’I’L)7 wn/m =m— 17 Sn,m = ’an/2-‘ and Fn,m = {Ln < Sn,m}~

Clearly L, takes values in {0, 1,...,n}, and n — s,_, > ng for all n sufficiently large, and
Ly, Yn,m and F, ,, are F, measurable. Now, by (3.19), the first part of (3.6) holds.
Let

Vo= X, (3.33)
7;7£In
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with X, ,; as in (1.2). Using that I, is independent of M, (j),j = 1,...,m, and the
properties of the multinomial M (n,m) distribution, we have

and counting the number of urns with occupancy d on both sides of this distributional
identity yields

Em(Vn|Jn> = Emfl(ynan(In)) = Ed)n,m (Yn,L"),

so the second part of (3.6) holds on the entire probability space, so in particular on F, 4.
As L, ~ B(n,1/m) under P,,, from (3.31) we obtain

EnL] < Ciaq(1+ (n/m)?). (3.34)
Hence, inequality (3.10), sufficient for (3.7), holds as

r%,mun,mk3¢m74lz,m,2 <C :U'n,m,\/]- + (n/m)4\/1 + (n/m)2 < On,m 1+ (n/m)G
U%,ynsnﬂn = Onym\/ﬁ [1 + (1’L/Tn)3}2 = s \/’E [1 + (n/m)ﬁ]

< CisV/Cs,

where we have used the definition (1.5) of ry, ,,,, the definition of s,, ,,, (3.32) and (3.34)
in the first inequality, (3.17) in the second inequality, and (3.16) in the final inequality.
Verification of Condition 4
We first show that there exists n; such that, for alln > n; and m € 0, ,,,

Hn,m S ]-Sﬂnan,mfl on Fn,m- (335)

Asn/(n—[y/n]) - lasn — oo and F,, ., = {L, < [v/n]}, there exists n; such that
n — [v/n] > np and

d
n
— < ——— ] <2 on F,m,
(n_Ln)d B (n_[\/ﬁ—|> - ’
for all n > ny.

Next, as m > 3 by (3.19) we obtain m? — 2m > m?/3, and therefore, using the first
upper bound on n/m in (3.18) for the second to last inequality, we obtain

1— 1 n—d n—d n
( m) =1+ 1 <(1+ i < eSn/m2 < eGlogm/m <9.
(1 1 )n—d mQ _ 2m m2

T om—1

Hence, for all n > ny and m € ©,, ,,,, on F, ,,, recalling (1.3) we have

(n)a 1 1\"¢
e

< %W(“Q)n_d

n—d
(n — Ln)d 1 1
< 2 1——
- d! (m —1)d-1 m
n—d
(n — Ln)d 1 1
< 18 1-—
- d! (m —1)d-1 m—1
~L, 1 1\
< 180 Lna 1-
A (m—1)d1 m—1
= 18IU/n7L,L,m71~
EJP 18 (2013), paper 27. ejp.ejpecp.org
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By (3.20), (3.17) and (3.15) hold whenever m € ©,, ,,. Now the first part of Condition 4
follows from (3.35), (3.17), and (3.15) since, for alln > n; and m € ©,,,,,

02 m < Cspinm < 18Cspin—r, m—1 < Cr0p_f iy O F, ., where Cy = 18C6Cs. (3.36)

Since for m > 2,

n 3 n\3 m 3 n\3 n\3
1+ () —1+(2) () <1+8(2) <8[1+() }
m—1 m m—1 m m
and now the second part of Condition 4 follows with the help of (3.36) since

On,m < \/Cla-nfL”,mfl < 8\/ C’la-nfL,,L,mfl 8\/ 10n—L,,m—1

Tn,m = n — n = n = — P
N 3 e e T =S

=8 Clrnan,mfl'

Verification of Condition 5: B, and its moments

With V,, given by (3.33), we have |Y,, — V,,| = X,, 1, < 1, so we take B,, = 1, which is
trivially F,,-measurable. Now using (3.17), (3.30), and (3.32) we obtain

r?b,(),un,GEm[K%Bn] T%ygﬂn,ekn,m? Hn,m (1 + (TL/TTL)Q)
I = 1 <Ci62— 5 < 2C16,2C5.
071,9 O-nﬁ Un,m (1 + (n/m) )

Verification of Condition 6

Endowing the set IN; of integers with the discrete topology, a subset of ©,, ,, C Ny is
compact if and only if it is finite. As any function on a set with the discrete topology is
continuous, Condition 6b is a consequence of Lemma 3.2, Part 1. O

Next we state and prove a lemma used in the verification of Condition 1.

Lemma 3.3. Letd € {2,3,...}. There exists n; > ng and constants Cs, Cy, C1¢ depend-
ing only on d such that (3.27)-(3.29) hold for alln > n, and m € ©,, ,,.

Proof. Consider first (3.27). By (2.3), forall 1 <i,5 < m,i # j, on M, (i) > d we have
M (j) = M,(j) + RL(5),

so that R! (j) is the number of the ‘excess’ M, (i) — d balls distributed to urn j, which
requires d — M,,(j) of them to achieve M} (j) = d. Thus a,, (i, j) = 0 unless M, (i) —d >
d — M, (5), that is, unless M, (i) + M, (j) > 2d. Hence, from (3.25),

nm (i, §) = Prn(My,(5) = dIM)L(My (i) > d, My, () # d)
= P (M (4) +R§z(j) = d|M,)1(M (i) + My (j) = 2d, My (i) > d, My (j) # d)
= Pu(Ry, () = d = My (§)| M) 1(My, (i) + My (§) > 2d, My, (i) > d, My (j) < d),
where we have used that Rf (j) > 0 makes M, (j) > d impossible in the second equallty

As M, (i) + M, (j) > 2d and M, (j) < d imply that M, (i) > d, letting p = 1/(m — 1) we
have, that

(i) = Pr(Ry,(7) = d — My (5)[Mp)1(My (i) + Mo (5) > 2d, My, (j) < d)
= Ppn(R,,(5) = d — M (5)|Mn(0))L(My (0) + My (j) 2 2d, My (j) < d)
= (e (1 OO (1) 4 0, () > 20,0, <
(3.37)
EJP 18 (2013), paper 27. ejp.ejpecp.org
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where we have used that M,, and R}, are conditionally independent given M,, (i), and
therefore that the conditional distribution of Rf given M,, is the same as that given
M, (i), specified in (2.1).

Now considering b, ., (¢, ) in (3.25), using (2.3) and arguing similarly we obtain

P,

Rl

nd therefore b, ., (¢,j) = 0 unless d —

G
(

By (2.1), be(j) < d— M,(i) when M, (i) < d,
+ < 2d. Hence

M, (i) > M,,(j) — d, that is, unless M,, (i) + M, (j

() <2d, My (i) < d, My (j) > d)

a

)
bum(i,5) = Pm(Ry,(j) = My (j) — d|My) (M (i)

(i (4) < 2d, M, (j) > d)

PRy, (j) = My (§) — d[M) 1(M (0)
G LG
= MDAy (ar (3) 4+ M () < 2d, M (5) > d), (3.38)

(e

+ M,
+ M,

using that the conditional distribution of R (j) given M,,, as M,,(j) = M{(j) + R (j), i
hypergeometric. As n < 2d implies (";d) = 0, which implies b,, ., (i, j) = 0, we assume
n > 2d when proving (3.28).

Considering ¢, (4, 7) in (3.26), let ¢ = 1 — p and write

Cn,m(ivj) = Pm(R%(J) G 0|M7L)1(MTL(j) = d) = (1 - Pm(R:L(J) = O|Mn))1(Mn(.]) = d)
= (1= g™ O=1) 1M (j) = d). (3.39)

To prove each of (3.27)-(3.29) we apply the inequality of Efron and Stein (1981). Let
Spn—1(x1,...,2,—1) be a symmetric function of z1,...,x,_1, and suppose that Uy, ..., U,
are i.i.d. random variables. For k = 1,...,n, let S, 1) be the value of S,,_; computed by
omitting the k*” variable Uy, that is,

Sn,(k) = Snfl(Ul,...,kal,Uk+1,...,Un), and set n, an

k=1

3\>—‘

Then by Efron and Stein (1981, Equation 1.6),

n

Var(S,, () < EZ(Sn,(k) - Sm('))Q'
k=1

As the average 5, () minimizes the sum of squares, replacing it by any symmetric func-
tion T;, of Uy, .. U yields

Var(S, () < E Z —T)% = nE(Sy (n) — Tn)?, (3.40)

this last equality since the distribution of S,, () — T}, does not depend on k.

In order to apply (3.40), independently label the n balls 1 through n such that all
orderings are equally likely, and let the variables Uy, € {1,...,m} denote the location of
the k' ball, k = 1,...,n. Note that the three functions (3.37), (3.38) and (3.39) can be
written for all n as T,, = T'(n, M,,(i), M,,(j)) for some function 7. Hence, applying the
Efron-Stein inequality with S,,—1(U1,...,Up—1) = T(n — 1, M,,_1(i), M,—1(j)), we obtain
Sn,(n) =T,_1 and (3.40) yields

Var(T,,_1) < nE(T,_1 — T,)>. (3.41)

EJP 18 (2013), paper 27. ejp.ejpecp.org
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In particular, to prove (3.27) we apply (3.41) with
T, = Z an,m(iaj) and T,_1 = Z An m,(n) (27])
1<i,j<m,i] 1<i,j<mij

where ay, , (n)(,7) is the value of an n(i,j) in (3.37) when withholding ball n. As
L(M;,(5)IM,,) = L(M,,(§)|Mpn(i), Mr(j)), we have that a, m (n)(,J) = @n,m(i,j) when-
ever U, ¢ {i,j}, and hence

T —T,= Z [an,m(n)(Una]) - an,m(Unvj)}

1<j<m,j#Un

+ Z [an,m,(n) (7/7 Un) — Qnm (Za Un)] (3.42)

1<i<m, iU,

By (3.37) we can further restrict the summation of the first sum in (3.42) over indices j
in the union of the random index sets

Ji={1<j<m,j#U,: My(Up) + Mn(j) > 2d+1,M,(j) < d} and
Jo = {1 < .7 < maj 7’é Un : Mn(Un) +Mn(.j) = Qd, Mn(]) < d}

Forj € Jp,
. . Mn Un - d -1 - j j)—2d—
an,m,(n)(Una]) - an,m(Una]) = < d(— ])W (]) )pd M"(])(l 7]3)M"(U")+M"(J) 2d-1
M, (Uy) d) d—Mn () Mo (Un)+Mn(j)—2d
_ L P n 1—p)rnive it
v 4=

_ (Mn(Un) —d P MaG) (1 = p)MaU)+M () =201 () A= M)

d— M,(5) M,(Up) —d)’

and for j € J; this last term is bounded above in absolute value by

d— My,(j) d—x d—20
-1 < — )| < — < 1+4d/2 =
‘ M, (Uy) —d‘ =P L+y>zﬁaﬁ%<d1 (;,—d)] S gry—a S T2 = O
(3.43)
and hence
. . Mn(Un) —d d— M, (j
- < n(7) 44
|an,m,(n)(UnaJ) an,m(Una])‘ = ClQ( d— Mn(]) )p (3 )

To bound the right hand side we will use the fact that, for any z,k,¢ € Ny satisfying
0<z<k-—¢{,
k M, E<(+1 ¢
x4+ 2k forall k.

The second case is trivial, and to prove the first write

(hor® (Lot (k—i—C+1)p _ ((k—0Op\" _ [(L+1\"
6= I e IS a2 < () < () -

L 1<i<z \i—1+¢ 1<i<z

using the restriction on £ in the first case of (3.45). Then applying (3.45) with £ = 1 and
x=d— M,(j) — 1to (3.44) yields

’an,m,(n)(Unaj) - an,nL(Unaj)’
< Cuop [(Ma(Un) = ) LMo (Uy) = d < 2/p + 1} + 2701, (U,) — d > 2/p+1} ]
< Cuop [ My (Un) +2M O 1M, (Us) > 2/p}] -
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This same upper bound holds for j € .J; as well since

. . Mn Un - d — 1 8 i) —
]an7m7(n)(Un,j) — an’m(UnJ)’ — ’_< p _( M) 0 >pd Mn(a)(l _ p)]\/[n(Un)"!‘]\4n(]) 2d
n
< () - ) e

and since C19 > 1 we obtain

Em Z [an,’rn,(n)(Unaj) - an,m(Unaj)]

1<j<m,j#Un

SEand > Ciop [ Mu(Un) + 221N, (U,) > 2/p}]
jeJ1UJ2

< By { Cromp [Mo(U) + 21 M (0) > 2/p)] |
< 2(Cromp)? {EmMn(Un)Q VE, [4M"(U")1{Mn(Un) > 2/p}} } . (3.46)

Using that M,,(U,,) ~ B(n,1/m) we have
B M, (Uy)? = (n/m)(1 — 1/m) + (n/m)? < n/m + (n/m)? < 2 [1 + (;)2] . (3.47)

using (3.30). To bound the second expectation in (3.46), we let B,, ; denote a random
variable with distribution B(n, s), and note the identity

EwP" f(B, )] = (1 — s+ sw)"Ef(By sw/(1—s+sw)) forallw > 0 and bounded f
(3.48)
and the bound
P(B,,s > t) <exp [-2n(t/n — s)°] (3.49)
of Hoeffding (1963). Letting p = (4/m)/(1 + 3/m) and applying (3.48) with w = 4 and
the bound (3.49), we have

9 \2
Ep, [452m 1B, 1/ > 2/p}] = (143/m)"P(B,, 5 > 2/p) < /™ exp [—Qn (nP —p) ]

3 8
= exp {m ——5+— —2np } < Cyoexp [TZ - an} < (O3, (3.50)

where in the second-to-last step we used that p/p < 4 and —2np? < 0, and the final step
is as follows. The bounds in (3.18) imply that

3n n\2m _m
By n e
n n

m m
and so
2 132 2 2 2 2 2 2
3n_82<m_8<ml>:m_8m<1_1) L2t m
m np n n n n m n n n

implying that the entire term (3.50) is bounded by C5;. Combining this bound with
(3.47) and (3.46) yields

2

2
Em Z [an,m,(n)(Unaj) - an,m(Unvj)] < 021 |:1 + (%) :| . (351)

1<j<m,j#Un
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Now consider the second sum in (3.42), whose summation index can be further
restricted to ¢ € J3 U Jy, where

Js={1<i<n,i#U,: M,(i) + M, (U,) > 2d+ 1, M,(U,) < d}
Jy={1<i<n,i#U,: M)+ M,(U,) = 2d, M, (U,) < d}.
For i € Js,
M, (i) —d
d— M, (U,)+1

My (i) —d ) d— M, (Uy) My, (3)+ M (Un ) —2d
_ n n 1 _ n\? n n
(d - Mn(Un) b ( p)

M, (i) —d d=M,, (Un) My, ()4 My (Uy)—2d—1
_ 2(Un) (1 _ n (1) + My (U,
<d— M, (Uy) + 1)p (=)

Qn,m,(n) (i, Un) - an,m(i» Un) = ( ) d_M"'(U"')+1(1 — p)M”(i)-HW"(U"')_Qd_l

d— M,(U,)+1

X <p— (1-p) ) (3.52)

and, by an argument like (3.43), the difference above is bounded in absolute value by

d—0+1
p+(1*p)( =p+(1—-p)(d+1) <d+1=:Co.

2d+ 1) — 2d

Applying (3.45) with £ = 2 and = d — M, (U,,) — 1, we have that (3.52) is bounded in
absolute value by

Cmp{(ALAQ'_d>1{M@u)—cﬁ<3nm+2}+2”%6%d1{M@u)—ck>3mo+2}}

SCMpMQ@F+2MMM{MMﬂ>3Mﬁ}ScmpP%@V+QMM”Hﬂ%@)>QMH.

This same bound holds for ¢ € J,without the factor Csys, since by (3.45) with ¢/ = 1 and
the same z,

. . M, (i) —d _ i _
’an,m,(n) (27 Ln) - anﬂn(% Ln)‘ = ’_ (d o 7\({) ([7 ))pd Mn(Un)(l - p)Mn( I+ M (Un)—2d
My (1) —d \ 4w, . M, (4) ;
< n\Wn) < p | M, (¢) + 27 \W1{M, 2
= <d _ M,L(Un)>p =p { (Z) { (Z) > /p}}

< p [ Ma(i)? + 210, (5) > 2/p} |
Hence, as Cyy > 1,

E’m Z [an,m,(n) (Z, Un) - an,m(ia Un)]
i£Uy,

2
<E, { Z Cazp [Mn(z)z +2M 1M, (i) > 2/27}} }

i€J3UJy

<Ep {iCQQP[Mn(i)z + 2M 1M, (i) > 2/p}]}

< (Coamp)? By [My, (1)? + 2M M 1{M,, (1) > 2/p}]?
§2«Eynm2{Eﬁﬂh(U4+E%/4M“”1{M%ﬂ)>2ﬁﬁ}}.(&5&
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Now, combining the bound
EnM,(1)* < Crga[l + (n/m)"]

obtained from (3.31) with ¢ = 4 and p = 1/m with the bound (3.50), we have that (3.53)
can not exceed Ca3[1+ (n/m)?*]. Applying this bound together with (3.51) in (3.41) yields

Vary, (T-1) < nEp (T — Tn)* < Caan [1 + (%)2 * (71)4} < 2Con [1 + (:1)4] )

m

using (3.30) in the final inequality. Hence

Vary, | Y anm(i,§) | = Var,(T,) < 2C(n + 1)
i#]

( 1>4
_|_
m

by taking Cg = 2C54 and using the elementary bound

v (Y = () () (2] <2 e (2]

, j
< 2itly {1+ (ﬁ) ] forall j>1, (3.54)
m

< Csn [1 + (;)4]

(n+1)

thus proving (3.27).

To prove (3.28) we let T}, = Z#] bn.m(i,7) and proceed similarly. In view of (3.38),
bn,m(i,j) = 0 when M, (i) + M, (j) > 2d + 1, but since by, ,,, (n) (i, j) is calculated when
withholding ball n, b, (n)(i,j) may be nonzero when M, (i) + M,(j) = 2d + 1 and
U, € {i,j}, a case we thus allow for in our definition of K below. We have

T =T, = Z [bn,m,(n)(Un7]) - bn,m(Uruj)] + Z [bn,m,(n) (Za Un) - bn,m(i7 Un)]

J#Un i#Un
= Z [bn,m,(n)(Un7]) - bn,m(Unvj)] + Z [bn,m,(n) (7/; Un) - bn,m(i7 Un)]
JEK, i€Ky
(3.55)
where
Kl—{] ( )EK} and KQ—{Z (Z U,L)GK} with
K ={(i,)) : i # J, My (i) + Mp(j) < 2d + 1, My (j) > d}.
For any (i,j) € K we have
n—dy (d—M,,(3) . .
("a) Grghma) (M) (M M)
n—M, (i - n— I\/In
( Mn(j() )) ( n—d )
_ <Mn(j)) (n — My (i) — M, (J))zd M, ()= Mo (G) (d — M, (i))!
d (n — My())a— (2d — M (1) = My (35))!
2d + 1 n2d_]\/[n(i) Mn(]) d' 2d IVIn(i)_(d""l) nd_Mn(i)_l
< a7 = O i = O d—Mn (i
d (n—d+1)d=Ma()) 1 (n—d+ 1)d=Mn() (n —d+ 1)d=Mn(i)
d— M, (i d— M, (i
_ O n @ < Cas 2d @ < O35 gd—M, () < 2dCz5’
n \n—d+1 n \2d—d+1 n n
(3.56)
EJP 18 (2013), paper 27. ejp.ejpecp.org
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using that on K we have M,,(j) > d + 1, and that n > 2d in the first inequality on the
last line.

Now considering by, ,, (n)(Un, j) for (U,,j) € K, note that by (3.38), n < 2d implies
by (n)(Unsj) = 0, as ("737%) = 0 in this case. Hence we may assume n — 1 > 2d.
When (U,,,j) € K when n balls are tossed, then when the nth ball U,, # j is omitted,
(Un,j) € K still. Hence in this case (3.56) applies both to b;, ,, (U, j) and by, , (n)(Un, 5),
yielding

|bsm.0) Uns ) = brom (Uns )| < b () (Uny §) + by (Un, ) < Cag/n forall j € K.

(3.57)

For the sum in (3.55) over ¢ € Ky we have by, ,, (i, U,,) = 0 if M, (i) + M, (j) = 2d + 1,

and otherwise the bound (3.56) holds. To consider b,, ,, (n)(i,Uy), again assume that

n — 1 > 2d since by, ,,,,(n) (7, U,) = 0 otherwise, as before. In addition, if M, (U,) = d+ 1

then removing ball n leaves d balls in cell U,,, in which case (¢,U,,) ¢ K, and hence we

assume M, (U,) > d + 1. In this case, after removing ball n the pair (¢, U,) remains in
K, and (3.56) applies. Thus,

|bn,m(n)(7f7 Un) - b’ﬂ,m(i7 Un)‘ < bn,m,(n) (Z7 Un) + bn,m(iy Un) < 027/71 forall 7€ Kg,

and combining this bound with (3.57) for use in (3.41) yields

Varm(Tnfl) S nEm(Tnfl - Tn)2

=nk, Z [bn,m,(n) (Unaj) - bn,m(Urujﬂ + Z [bn,m,(n) (Za Un) - bnm(% Un)]
JEK: 1€ Ko

2
2

< nkE,, <nkE,, 2oy
<n j; ng/n+i;; Cor/n o < nEp {m(Cos + Car)/n}” = Co—

by taking Cy = (Cas + C27)?, s0O

2 2

Varm Z bn,m(ia j) = Varm (Tn) < 09 nT:L_ 1 <
i#j

proving (3.28).
For (3.29) we recall expression (3.39) wherein ¢ = 1 —p, and let T}, = Zi# Cnym (%, 7)-
Since ¢y m,(n) (4, J) = cn,m(i,j) aslong as U, & {i,j}, we have

Th1—T,= Z [Cn,m,(n)(Unaj) - Cn,m(Unaj)} + Z [Cn,m,(n) (Zv Un) - Cn,m(iy Un)]
J#Un i#U,

Considering the first sum and casing out on whether M, (U,) < d or M,,(U,) > d+1,
() (Uns §) = Cnm (Uns §) = H{Mp () = d} (MU=l — g (Un) =)

= 1{M,(j) = d}(pg" U 1{M, (U,) < d} — pg" )~ M, (U,) > d+1})
=p- YM,(j) = d}(q* M VLM, (U,) < d} — ™) M, (U,) > d+1}).

Since the term in parentheses is bounded in absolute value by 1, we have that

|cn,m () Uns ) = Cnm(Un, §)| < p- 1{M,(j) = d},

EJP 18 (2013), paper 27. ejp.ejpecp.org
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whence

2 2

Ep, Z [Cn,m,(n)(Unaj) - Cn,m(Unaj” < En pz I{Mn(J) = d} = szm(YnQ)
J#Un j=1
= pQ(UTQL,m + Ni,m) < (Cas/m)? (Cspin,m + ui,m) < (Cag/m)? (C3m 4+ m®) < Csp, (3.58)

using (3.15) and the trivial bound p,, ,, < m. Next,
|Cn,m,(n) (i,Un) — Cn,m(ia Un)l = (1~ Q‘Mn(i)idml{Mn(Un) =d+1} = 1{M,(U,) = d}|
<1 MO~ < 0, (5) — d] log q).
Further, since p = 1/(m — 1) < 1/2 by (3.19), by Taylor series

p2

1 =—log(l—p) < SR — 2% < C
[log g og( p)_p+2(1_1/2)2 p+2p° < Cz1/m,

giving
2

m 2
Em Z [Cn,m,(n) (Za Un) - Cn,m(iv Un)] < Em (Z |Mn(z) - d‘ |10g Q|)
=1

i#Un
< (Cgl/m)2m§:Em(Mn(i) —d)? = C§1Em(Mn(1) —d)?
i=1
= 0321 [Var,, (M, (1)) + (EnM,(1) — d)2] < 03?1 [Var,, (M, (1)) + Z(EvrzMn(l))2 + 2d2]
= C2,[(n/m)(1 — 1/m) + 2(n/m)?* 4+ 2d?] < Cs[1 + (n/m)?] (3.59)

by (3.30). Applying (3.58) and (3.59) in (3.41), we have
n 2
Varm<Tn71) S nEm<Tn71 - Tn)2 S CBSn |:1 + (E) :| 5

SO

2 2
1+ (“H) < Cyon [1 n (ﬁ) ]
m m

by taking C79 = 8C33 and using (3.54). This proves (3.29) and thus concludes the proof
of the lemma. -

Vary, | Y nm(i,j) | = Var,(T,) < Css(n+1)
i#]

4 Discussion

Theorem 3.1 is applied in Goldstein (2012) to obtain bounds on the normal approxi-
mation for the number of vertices in the Erdés-Rényi random graph of a given degree.
Although the graph degree and occupancy problems have some features in common,
they also differ in a number of significant ways. On balance, the occupancy problem is
the more difficult of the two for the following reasons.

First, the term W2  required by Condition 1 of Theorem 3.1, the variance of the
conditional expectation of the difference Y7 —Y,,, is harder to compute for the occupancy
problem. In particular, in the graph degree problem one can make a direct bound on
this term, but here we appear to be forced to rely instead on the use of the Efron-Stein

inequality.
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Table 1: Asymptotic domains, wherein 7, and ¢, are given by (3.11) and f(n,m) ~
g(n,m) denotes f(n,m) = (1+o0(1))g(n,m). That im o, ,, /fin,m is strictly positive in the
central domain follows from Lemma 3.2, Part 3.

Definition Honm 0% v/ Asymptotic Distribution
of Y,, under P,

Left-hand domain
n/m—0 = =1 Poi(u)
tn.m — b € (0, 00)

Left-hand intermediate domain

n/m—0 ~ mtg(n/m) —1 N (fin,m 0a 1)
o, — OO — 00
Central domain
n/m—pe0,00) | ~mmalp) | = palp) €(0,1) | N (ptn,m: 02 )
Right-hand intermediate domain
n/m — oo ~ mtq(n/m) -1 N(pon,m, a%ym)
Honm, — 00 — 00

Right-hand domain
n/m — oo = =1 Poi(u)
Pn.m — 1 € (0, 00)

Another significant difference between these two problems is that for graph degree
the removal of a vertex leaves the connectivity of the remaining graph unaffected, while
the parameters of the occupancy problem that results after the removal of an urn de-
pends on the number of balls that urn contained. In particular, even if the removed ver-
tex in the graph degree problem was connected to all other vertices the reduced graph
remains non-trivial, in contrast to the ‘parallel’ situation of removing an urn which con-
tains all balls in the occupancy problem. As a result, though the graph degree problem
is indexed by the number of vertices, and the variable of interest is a count over those
same vertices, here we index by the number of balls, while the count is a sum over
urns. The choice is driven by the fact that Condition 3 is concerned only with reduced
problems of sizes n — L,, that satisfy L,, < s,. And in the occupancy problem, limiting
the number of urns that are removed when forming the subproblem does not guarantee
that the reduced problem will be non-trivial, but limiting the number of balls removed
does.

A third important difference is that in the graph degree problem, we consider a
graph with n vertices and connectivity /(n — 1), and the reduced problem is on the
graph with one vertex removed. There, choosing the parameter space to be 0, =
(0,b] N (0,n — 1) for some large b yields that 6 € ©,, implies ¢, 9 € ©,,_1 where ¥, o =
(n—2)8/(n—1), as required by Condition 3 of Theorem 3.1. That each parameter space
©,, is a subset of the same bounded interval (0, ] simplifies a number of the computa-
tions and bounds. For the occupancy problem we have taken ©,, to be unbounded for
the following reason. When an empty cell is removed to form the reduced problem, the
differences n/(m —1) —n/m of the ratio of balls to urns equals n/(m(m—1)). In the cen-
tral domain this ratio behaves like 1/m, summing to the divergent harmonic series. On
the other hand, though we appear forced to deal with the case where © is unbounded,
here we obtain results in asymptotic domains in addition to the central one.

Although we state our main result, Theorem 1.1, as a uniform bound holding for all
n > d and m > 2, the occupancy problem has been classically studied asymptotically

EJP 18 (2013), paper 27. ejp.ejpecp.org
Page 22/29


http://ejp.ejpecp.org/
http://dx.doi.org/10.1214/EJP.v18-1983

Berry-Esseen bound for the occupancy model

as n,m — oo, such as by Kolchin et al. (1978), who define the five asymptotic domains
given in Table 1, which together give an essentially complete asymptotic picture of the
n,m — oo asymptotic with n/m varying from 0 to oo. Kolchin et al. (1978, Theorem 4,
p. 68) also show that, in the uniform occupancy problem, Y,, has limiting normal distri-
bution in exactly the domains in which o, — oo, i.e., in the left-hand intermediate,
central, and right-hand intermediate domains. Except for a small portion of the latter,
our Berry-Esseen type bound in Theorem 1.1 provides convergence to the normal in
these domains as well: The left-hand intermediate and central domains are covered by
Corollary 1.2, and the right-hand intermediate domain is addressed in the following.

Corollary 4.1. Let
On,m = logm + dloglogm — n/m.

Ifn,m — oo in such a way that n/m — 0o, iy m — 00, and

lim _Onm > 6, (4.1)
n,m—oo \ loglogm

then ry, ,, — oo and, in particular,

sup |P (Wy,m < z)—P(Z < z)| = 0.
z€ER

Proof. If (4.1) holds then there is ¢ > 0 such that, for all n, m sufficiently large,

5n,m

———— >6+¢, orequivalently n/m <logm+ (d — 6 — ¢)loglogm. (4.2)
loglogm

We will use below that log[z(1 + o(1))] = logx + o(1). Using Table 1,

2

logry ,, = log {%)3]2} = log {(1 + 0(1))m7'd(n/m)}

[1+(n/m (n/m)°
m(n/m)de /™
= log {W} +o(1) =logm + (d — 6) log(n/m) — n/m — log(d!) + o(1)

=logm + (d — 6)log(n/m) —n/m+ O(1). (4.3)

Noting that z — (d — 6) log x — z is decreasing for x > (d — 6)*, for n, m large enough so
that n/m > (d — 6)" and (4.2) holds, by (4.3) we have

log rf%m > logm + (d — 6) log [logm + (d — 6 — ) log log m]
— [logm + (d — 6 — &) loglog m] + O(1)
= (d —6)log[(1 + o(1))logm] — (d — 6 — €) loglogm + O(1)
= (d —6)loglogm + o(1) — (d — 6 — ¢) loglogm 4+ O(1) = eloglogm + O(1) — oo.

An example of a regime satisfying the hypothesis of Corollary 4.1 is
n = |m(logm + (d — a)loglogm)|, a > 6. (4.4)

Then log iy m = aloglogm + O(1) — oo by (1.3) and (4.4), and 6, ,,,/(loglogm) — a, so
(4.1) is satisfied.

Although (4.1) does not cover all of the right-hand intermediate domain, the miss-
ing part is small since it follows from n/m — oo and py, ,» — oo that d,, — oo (see,
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e.g., Kolchin et al. (1978, p. 41)). Since (4.1) implies that 6, ,, = a(loglogm)(1 + o(1))
for some a > 6, the only portion of the right-hand intermediate domain in which
Tr,m 72 00 but Y, still converges to normal is the narrow asymptotic where d,, ,,, = o
but 4, < 6(loglogm)(1 + o(1)). We note, however, that the limiting factor in 7, »,
that determines our bound arises when bounding V2, a term that also appears when
computing a bound to the normal in the weaker Wasserstein metric using size bias cou-
plings, such as the bound obtained by applying Corollary 2.2 and Construction 3A of
Chen and Rollin (2010). Hence this behavior appears to be unrelated to any aspect
of our method that pertains to bounding the Kolmogorov distance, and the inductive
method in particular.

Lastly we remark that extensions of the present work to the case where the cell prob-
abilities are non-uniform is of additional interest, and may likely also be approached
with the use of Theorem 3.1.

Appendix

Proof of Lemma 3.2. Part 1: By (3.20), it suffices to show (3.14), as then for any r; > 0
the set on the right hand side of (3.20) is finite. By (1.3) and d > 2 we have

I I my Lo L\ (), L
11m su = l1msu —_— - — 1m su =
m—)oop Hn,m m—)oop d) md-1 m —\d m—)oop md—1 ’

and similarly

, n 1 2\" % n , 1
lim supm(m = 1) (d, d,n— 2d) m2d <1 - m> = <d, d,n— 2d> limsup “o—y = 0-

Hence (3.14) holds by (1.4).
Part 2a: As the mean pu, ,, is positive over the range of n and m considered, we
equivalently show that the ratio

n n—2d

Ug,m B (d,d,n—2d) (1 - %) m—1
=1—pinm+ " n—d

fn () (- %)

is bounded. For d < n < 2d or m = 2 the result is clear, as

2
On

=1 — fpm < 1

Hn,m

For n > 2d and m > 3, we obtain
b () (s )
S () ) e ()
WZZl(( 72n> ( 1>n,_d_<1_7;)n_d> (4.5)
_(n) dn;,; ( ) n—d
n—d n—d
+O( ><( ) (—mll> +(1—;) )
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For the first term in (4.5), expanding (1 — )~ around zero and using d > 3 yields

—d d+2
2 2d 2d(d+1)3
(1—) =1+ =+ Rim with |Ry, §#7

m m m

d

and similarly expanding (1 — )"~ around 1/m yields

1 n—d 1 n—d
R
m—1 m

n—d 1\" ! n —(n—d—1)/m
|R2 m| < —(1—-— < — e .
' m(m — 1) m m(m — 1)

with

Hence, we may bound the first term in (4.5) by n?/d!m?~! times

2d 1\ 1\
| <1 + —+ Rl,m) <<1 - > + RQ,m) - <]. — )
m m m
9 2 1 n—d 1 n—d
<1 + ) R2,7n, + - (1 - > + Rl,m ((1 - > + R2,7n> |
m m m m

—n/m 2 (d+1)/m 2 1)3d4+2 (d+1)/m
‘ ((1 + d) St 2de"/" 2d(d + )37 (ed/’" e ))
m

IN

m m— m m(m —1)
—n/m
< Cae™™ (1+2).
m m

where we have used bounds such as e < ¢4/3 for m > 3, and where (34 is a constant
depending only on d. Hence the first term in (4.5) can be no greater than

%e‘"/m (%)d (1 + %) < %ig%e_wxd(l + )

for all n > 2d, m > 3.
The next term in (4.5) is also bounded, as

(n)oa (1-2)7" (1 B 11)

n\d
< i —n/m
d!(n)gmd < Css (m) € ’

as are the final terms, in view of

G (00) (i) () ) e e

Part 2b: Using (3.12),

o Talnfm)et™ ey e e
n n/m d! — d! 2>0

so taking this to be Cj suffices to show the first claim. The second now follows from
Part 2a.
Part 3: By differentiating and factoring we have
d! - oly(x) = 2972 % [2® — 3dx? + d(3d — 1)z — d*(d — 1)
= o2 [z — (d ~ Vd)z — dl[z — (d+ V),
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and by considering the sign of this derivative we see that inf,~¢ pq(x) = min pg4(d++/d),
which we now show is positive. Letting y denote either positive value d & v/d, note that

y"™ oyt d-1-y)? P _yTd-1-y)?  (d£Va)?

dl (d—1) dd—1—y)p (d—1)! TEESI
_ Yy d—1-y)?
=t (4.6)

Noting also that 35 _, e ¥y (d' — y)?/d’! = y by considering the variance of a Poisson
random variable with mean y, we have

va(y) =1 1aly) — Ta(y)(y — d)*/y

L eyt eyt y — d)?

_1_y< d! + d! )
1 (e ¥yt td—1-y)? —yd(d — )2

:1_y<6 Y (d<—1)! y)?* e y;! y)) by (4.6)
L ety (@ =)

s1_-§S ey @—y"
P e

= 0.

Part 4a: If the claim fails then there are n*, m* < oo and sequences r; — oo and
(n;,m;) such that, for each j, o,%wnj > r; but n; <n* orm; < m*. As at least one of the
previous two inequalities must hold for infinitely many j, by considering subsequences

we may assume that
n; <n*forallj, or m; <m* forallj. 4.7)
If the first case of (4.7) holds we have

oo = lim r; = lim U?L,m :liminfai,m < lim inf maxaim_ . (4.8)
j—oo j—o0 I j—o0 EA j—o0 n<n* R

If it were that m := sup; m; = oo, then there would be a subsequence j; — co on which
m;, — 00, hence aimm — 0 for each fixed n by Part 1, and by taking the maximum over
a finite set,
. 2 . 2

0= Jim s o, = mint (s, ) “9)
this inequality because the lim inf of a sequence is always at least as small as the limit of
a subsequence. (4.9) would be a contradiction of (4.8), leaving only the possibility that
m < oo, which also leads to a contradiction since, using the second equality in (4.8),

2 2 2
nj,m; < Su_pgnj,mj < sup 0n,m < o0,
J

oo =limo
J n<n*, m<m

as the last supremum is taken over a finite set. If the second case of (4.7) holds then
for j large enough so that r; > (m*)?, since Y,, < m under P,, we have
(m*)? <rj<on o =Vary, (V) < En (Y)) <mi < (m*)?
again a contradiction.
Part 4b: If the claim fails then there is ¢ > 0 and sequences 7; — oo and (n;,m;) such
that, for each j, U%j,mj > r; but n;/m; > (1+4¢)logm,. By Part 4a, taking subsequences
if necessary, we can assume that n;, m; — oo, and that for all j

nj/m; > (14 ¢)logm; > d. (4.10)
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Then, using Part 2a we obtain that for all j sufficiently large

2
Tj  Zngmy

ST (U2 I B SRS S
Cs Cs = Hngmg = 1My d m}j m;

d d
<y (22) expltony = d)fms) <y (2] emimaet

m;
Using (4.10) and that the function = — x%e~? is decreasing for = > d, we have

d
<m; (:;) e mi/mied < m; ((1+¢) logmj)dm;(lJrs)ed <m;°((1+¢)log mj)d e,
j

T
Cs
giving the contradiction

0o = lim r; < C3(1 +¢)%? lim [m;s (log m]-)d =0.
j—o0 j—oo

Part 4c: Set ¢ = 1/4 and, using (3.13) and Parts 4a and 4b, choose r; > 0 large
enough so that any n, m satisfying o2 , > r also satisfy

0-721,m > mrg(n/m)pqa(n/m)(1 —e) and e~ M >1 ¢

Then, using (3.12),

afhm < mrg(n/m)pa(n/m)(1 —¢)

2 pa(n/m)(1 —2¢) = (1/2) inf pa(2),

Pnm de(n/m)ed/m
so taking Cg to be this last suffices. ]
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